Photon rockets in (anti-)de Sitter universe 



00 

o 
o 

(N 
OO 



o 

I , 



> 

&\ 
(N 

o 

oo 

o 



X 



J. Podolsky 

Institute of Theoretical Physics, Faculty of Mathematics and Physics, Charles University in Prague, 
V Holes ovickdch 2, 180 00 Prague 8, Czech Republic 
(Dated: June 18, 2008) 

A class of exact solutions of Einstein's equations is presented which describes accelerating photon 
rockets in de Sitter and anti-de Sitter universe. These are particular members of the Robinson- 
Trautman family of axially symmetric spacetimes with pure radiation. In particular, generalizations 
of (type D) Kinnersley's rockets and (type II) Bonnor's rockets to the case of a non- vanishing cosmo- 
logical constant are given. Some of the main physical properties of these solutions are investigated, 
and their relation to the C-metric solution which describes uniformly accelerated black holes is also 
given. 



I. INTRODUCTION 



Within the large and important family of Robinson- 
Trautman spacetimes 0, [U, yj there exist solutions which 
describe accelerated sources. The best-known of these is 
the C-metric. It is a particular type D vacuum solution 
representing a pair of black holes which uniformly accel- 
erate under the influence of cosmic strings or struts lo- 
cated along the axis of symmetry 0] ■ Interestingly, there 
also exist Robinson- Trautman solutions with aligned 
pure radiation and a regular axis which can be physi- 
cally interpreted as "photon rockets" . The first solution 
of this type was introduced and studied by Kinncrslcy 
Q in 1969. Such a spacetime, that is also of type D, de- 
scribes a localized object which emits pure radiation and 
accelerates due to the net back reaction along a straight 
line corresponding to the axis. It may thus serve as a 
simple exact model of a kind of rocket that is propelled 
by an anisotropic emission of photons. Later, Bonnor d 
presented a generalization of the Kinnersley rocket. His 
extension also belongs to the family of axially symmetric 
pure radiation Robinson-Trautman spacetimes, but it is 
of algebraic type II. In this case the angular distribution 
of photons may have much more complicated character 
that can be prescribed almost arbitrarily. 

These solutions have attracted considerable attention 
after Bonnor's rather surprising discovery that, with re- 
spect to the flat background frame, there is no energy 
loss corresponding to gravitational waves emitted by the 
accelerating Kinnersley rocket Q . This absence of grav- 
itational radiation has been subsequently confirmed and 
clarified by Damour 0] in the context of the associated 
problem using the post-Minkowskian perturbation for- 
malism. He argued that, although the Kinnersley rocket 
emits null fluid anisotropically, it does not produce (lin- 
earized) gravitational waves because the matter emission 
in it has no quadrupole moment. In fact, the radiation 
is the sum of waves generated by the point-like rocket 
and of those generated by the distribution of the photon 
fluid. These two distinct contributions cancel each other. 
Further studies have been undertaken by Dain, Moreschi 
and Gleiser d who employed general properties of exact 
Robinson-Trautman geometries to distinguish, in partic- 



ular, gravitation and matter-energy radiation. By trans- 
forming to Bondi-Sachs coordinates, von der Gonna and 
Kramer have demonstrated in [1 01 ] that the Kinnersley 
family of type D is the only axisymmetric and asymptot- 
ically flat Robinson-Trautman solution with pure radia- 
tion that does not contain gravitational radiation. This 
result has been subsequently extended by Cornish [ll| 
who proved that the class of pure radiation Robinson- 
Trautman metrics for which the news function vanishes 
is the same as the class of all (not necessarily axially sym- 
metric) Kinnersley photon rocket metrics. Some other 
aspects of the metric representing a Kinnersley photon 
rocket have been analyzed in fl2| . 

In all these cases it was assumed that the cosmologi- 
cal constant A vanishes. It is a well-known fact 3 that 
the cosmological constant can easily be included into the 
Robinson-Trautman family of solutions. While the corre- 
sponding C-metrics with A have alread y b een thoroughly 
studied, see e.g. [H, 03, 03, 03, 03, 111 111 > i* seems that 
the possibility to generalize the Kinnersley and Bonnor 
rockets to the corresponding spacetimes with a cosmolog- 
ical constant has remained unnoticed. It is the purpose 
of this work to present such solutions (in Sec. IIIII and 
Sec. lIVl respectively) and to investigate their main prop- 
erties (Sec. El . 



II. ROBINSON-TRAUTMAN SPACE-TIMES 
WITH PURE RADIATION 



The Robinson-Trautman family of space-times is de- 
fined geometrically by the property that it admits a 
geodesic, shear-free, twist-free but expanding null con- 
gruence, denoted here as fe. As shown in P, 0,H, a S en ~ 
eral metric of vacuum or pure radiation spacetime with 
such properties can be written in the form 



ds 2 



2 dC dC - 2 du dr - 2 H du 2 
pi 



in which 



2H = AlogP-2r(logP),„ 



2m A 



(1) 



(2) 



2 



where A = 2P 2 d^d^ and A is the cosmological constant. 
This metric contains two functions, P = P(C C u ) an< l 
to = m(u) . The coordinates employed in the metric ([T]) 
are adapted to the assumed geometry. Specifically r is 
an affine parameter along the rays of the principal null 
congruence generated by k — d r , u is a retarded time co- 
ordinate, and C is a complex spatial "stereographic-type" 
coordinate. The Gaussian curvature of the 2-surfaces 
spanned by £, on which u is any constant and r = 1, 
is given by 



K(CC,u) = A log P. 



(3) 



For a general fixed value of r, the Gaussian curvature of 
these 2-spaces is K((,(,u)/r 2 so that, as r — ► oo, they 
(locally) become planar. 

Using the null tetrad k = d r , I = d u — Hd r , 
m = [P/ r) 8q the non-zero components of the cur- 
vature tensor for the metric |T|) are 



* 2 = 
#4 = 

$22 



m 



2r 2 
1 
4r 



(P 2 K 



1 r 



P 2 (logP) , 



- ; 



(4) 



2 [AAlogP + 12m(logP), 



4m . 



In the present work we will consider Robinson-Trautman 
space-times which are of algebraic types D or II. For 
these, it is required that to ^ 0, and there is a scalar 
polynomial curvature singularity at r — since ^2 di- 
verges. The space-time is of type D if 3^2 ^4 = . 

The conformal infinity T is given by r = 00 where, as 
can be seen from (|4]), the space-times become conformally 
flat and vacuum, i.e. asymptotically Minkowski, de Sitter 
or anti-de Sitter. Indeed, introducing an inverse radial 
coordinate I = r _1 and the conformal factor = I , the 
Robinson-Trautman metric ((T|), © becomes 

n 2 ds 2 = (- +2Z(logPX„-Z 2 AlogP + 2mZ 3 )du 2 



-2du dZ + 2P~ 2 dC d(. 



(5) 



Obviously, for smooth P(C, C) w )> the conformal infinity 
1, which is located at fl = 0, is regular because the metric 
(0) is regular at I = ft = 0. In addition, 1 is null, space- 
like or timelike according to the sign of the cosmological 
constant A = 0, A > or A < 0, respectively. 

The non-vanishing Ricci tensor component $22 in Q 
corresponds to the presence of an aligned pure radiation 
field (that is flow of matter of zero rest-mass, emitted 
from the source at r = 0) with an energy-momentum ten- 
sor of the form T^ v — pk^k v , where k = d r . The radia- 
tion density is given by 



n 2 ((X,u) 



(6) 



and the function n 2 is determined by the equation 

AA(logP) + 12m(logP),„ - 4to !U = 167rn 2 , (7) 



while the function m(u) is arbitrary. 

As can be seen from expressions (U]), there are no 
type N or conformally flat solutions of this type. Indeed, 
the conditions that ^2 and $3 vanish imply that m = 
and AlogP = K(u) which, in turn, imply $22 = 0, that 
is a vacuum space-time with n = 0. 



III. THE KINNERSLEY ROCKETS WITH A 

The simplest Robinson-Trautman type D spacetimes 
with pure radiation are given by 



P = A(u) + B(u) C + B(u) C + C{u) CC , 



(8) 



where A, B, C are arbitrary functions of u, such that 

K = 2(AC - BB) . (9) 

For K > 0, these solutions are known as the Kinnersley 
rockets (see [3, [Hj]). They represent the gravitational 
field of an arbitrarily moving object located at r = 0. 

Here we restrict our attention to the axially symmet- 
ric cases with B = and K = +1. These correspond 
to photon rockets moving along a single axis (of symme- 
try) C = 0- F° r convenience, it is useful to perform the 
transformation £ = exp(v / 2C) an d to introduce a new 
arbitrary "acceleration" function a (it) by identification 
A(u) = -j= exp(J a(it)dit) , C(it) = -7= exp(— J a(u)dit) . 
Dropping the tilde over (, we thus obtain the Robinson- 
Trautman family of solutions determined by the function 



P = cosh 



(/a(«)d«-^(C + C)). (10) 



for which ^3 = = $4. Introducing angular coordinates 



cos ft = 



tanh (/a(u)d« - ^(C + C)) , 4> = ^(C - 0, 

(11) 

then 1/P = shift, AlogP =1, and (log P), u — ct cos 9 . 
The line element ([T]), © thus takes the explicit form 



ds 2 



2to A 



r 2 — 2a r cos 8 — a 2 r 2 sin 2 9 ) du 2 



r 3 
-2dudr+ 2a r 2 sin 9 du dft 
+ r 2 (dft 2 +sin 2 0d</- 2 ) , 



(12) 



in which m{u) and a{u) are arbitrary functions of the 
null coordinate it. 

For a pure radiation field = pkyk v , where p is 
given by ©, the field equation yields 



3 a to cos 9 — m tU — Ai:n 2 {9,u) 



(13) 



For any given functions a (it) and to(u), the radia- 
tion field profile n 2 (9,u) is thus fully determined. Of 
course, for this to be real for all 9, it is necessary that 
m u < —3 \a to| , which implies that m(u) must be strictly 
decreasing. 



3 



If a — 0, the metric (fT2l) reduces to 



; 2m(u) A \ , , 
ds 2 = - 1 — r 2 du 2 



3 

-2dudr + r 2 (d6 2 + sm 



(14) 



which can be recognized as the Vaidya-(anti-)de Sitter 
spacetime. When the cosmological constant vanishes, 
this reduces to the standard radiating Vaidya metric. 
It describes a spherically symmetric fixed source with 
a varying mass determined by m(u) for which the radi- 



ation field is given by n (it) = — 



. It is therefore 
generally assumed that m is a positive and non-increasing 
function. 

When A = 0, the solution (fT2")) is exactly the particular 
Kinnersley photon rocket, see @,0j. It represents a singu- 
lar source at r = 0, of varying mass determined by m(u), 
which emits pure radiation and accelerates in Minkowski 
space along a straight line (which is the axis of symmetry) 
due to the corresponding net back reaction described by 
(fT"3|) . This thus serves as a simple exact model of a kind 
of rocket that is propelled by the anisotropic emission of 
photons. 

This interpretation remains valid even in the cases 
A ^ 0. Indeed, in the weak field limit in which m = 0, the 
above spacetime (fT2|) is a conformally flat vacuum solu- 
tion, namely Minkowski, de Sitter or anti-de Sitter space 
according to the sign of the cosmological constant A. The 
function a(u) then determines the acceleration of a test 
particle located at the origin r — which moves along the 
timelike trajectory x M = (u(r), r = 0, 9q, 4>o), where r is 
its proper time, and 9q an d 0o are constants. Normaliza- 
tion requires that u(t) — r, so that the four-velocity is 
u' 1 = (1, 0, 0, 0). For the corresponding four-acceleration 



a» = rt,„, it follows that 



and 



a 2 {u). 



This proves that the instantaneous acceleration of the 
test particle is given by a(u) = a(r). And, since the func- 
tion a(u) in the metric (|12p can be chosen arbitrarily, it 
is possible to prescribe any specific acceleration for the 
source at r = 0. In particular, it is possible to construct 
a rocket which has a constant acceleration a. 

Further justification of such an interpretation will be 
given below in Sec. El 



IV. THE BONNOR ROCKETS WITH A 

There exist generalizations of the above Kinnersley 
photon rockets in the family of type II Robinson- 
Trautman spacetimes. Restricting attention to axially 
symmetric pure radiation solutions, it is convenient to 
introduce the polar- type coordinates x, (f> such that 

J_(_ f dx 
~V5\J G(x,u) ' 



c 



a(u)du + i (f> 



(15) 



where G{x, u) is an arbitrary function of x and u, while 
a(u) is any function of u. With the identification 



P(C,(,u) = G- 1 / 2 (x((,t,u),u) 



(16) 



in which the function x(£, C,u) is obtained by inverting 
(f!"5l) as 



d.r 



G(x, u) 



= /a(«)d«-^(C + C) 



(17) 



the standard Robinson-Trautman metric {l}, ([2]) takes 
the form 



1 



2m A 



ds'=- -~G. XX 



where 



2 r 3 

2 du dr + 2 b r 2 du dx 



b(x, u) = —a(u) — 



r{bG), x -b z Gr* )du z 
dx 2 



G 



+ Gd^ 2 ), (18) 



G, u {x,u) 
G 2 (x,u) 



dx . 



In particular, the Kinnersley rocket (which is of Petrov 
type D) presented in Sec. [Hi] is obtained by taking 



G(x, u) = 1 — x 2 



(19) 



which implies that b{u) — —a(u). Then, introducing an 
angular coordinate by putting x = cos 9, the metric (|12[) 
is immediately recovered, and the general expressions 
(fTTf and ([T6]) reduce exactly to pip and (fTOf respec- 
tively. 

The above generalization of the Kinnersley rocket was 
first presented by Bonnor [6j for the case when A = 0. 
Such Bonnor's photon rockets, which also accelerate due 
to the anisotropic emission of null fluid, are members 
of the family of axially symmetric Robinson-Trautman 
type II solutions (fl8|) in which the function G has the 
form 



G(x, u) = (1 - x 2 ) 1 + (1 - x 2 ) h(x, u) 



(20) 



where h(x,u) is an arbitrary smooth bounded function 
(greater than —1). Since G must be positive, it is again 
appropriate to put x = cos#, and the metric can be seen 
to be regular on the axis x = ±1, which corresponds to 
9 = 0, 7r. The function b in (fT5)) then reads 



b{x, u) = —a(u) — 



h, u (x, u) 



■ dx . 



[l + {l~x 2 )h{x lU )} 2 
and the pure radiation field, see ([6|) and (0 , is 

4Trn 2 (x,u) = -\{GG, XXX ), X + %m(bG), x -m, u , (21) 



which generalizes (1131) . The angular distribution of pho- 
tons thus now has a more complicated character that can 
be prescribed almost arbitrarily by a specific choice of the 
smooth function h(x,u). 
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V. SOME PHYSICAL PROPERTIES 

A. Trajectories of accelerated rockets in Minkowski 
universe 

It is well-known that, in a weak field limit m — > 0, the 
Kinnersley solution (TT2|) with A = reduces to the flat 
space metric whose origin of coordinates r = is acceler- 
ating. An explicit transformation to standard Minkowski 
coordinates has been described already by Newman and 
Unti [20| | . and subsequently employed for a constant ac- 
celeration a in [I, and for a general function a(u) in 
0, 0] and elsewhere. It has the form 



X-- 

Y ■■ 

Z = 



x(u)- 



r 



cos 8 sinhN a(u)duj + cosh( J a(u)duj 
■ cos 8 cosh(/a(u)du) + sinh( J a(u)du) 



r sin a cos < 
r sin 8 sin a 



where the functions t(u) and x(u) are given by 
t = cosh (J a(u)dv) , i = sinh (J a(u)du) , 



(22) 



(23) 



with the dot denoting a differentiation with respect to u. 
For vanishing acceleration, a = 0, the transformation re- 
duces to the standard relation between spherical and 
cartesian coordinates in flat space. Obviously, the (test) 
rocket located at r — moves along the trajectory 



T = t(u) , 
X = x(u) , 
Y = = Z. 



(24) 



which describes a generally accelerated motion along the 
axis of symmetry (with a normalized four- velocity). In 
particular, for a uniform acceleration a — const, the re- 
lations (f2"2"| simplify to 



T = (a 1 — r cos 6) sinh(a u) + 
X = (a — r cos 0) cosh(a it) 4 
y = r sin 8 cos </> , 
Z = r sin sin </> , 

and the rocket at r — moves along 

T = oT 1 sinh(a u) . 



r cosh (a u) , 
r sinh (a u) , 



(25) 



X- 

Y : 



a 1 cosh(a u) , 
= Z, 



(26) 



which is the usual trajectory. 



B. Trajectories of uniformly accelerated rockets in 
(anti-)de Sitter universe 

A similar interpretation can also be given when the 
cosmological constant A is nonvanishing. In such a case, 



the rocket with a negligible mass m can be considered as 
a test particle moving in the de Sitter (A > 0) or anti- 
de Sitter (A < 0) background universe. These maximally 
symmetric, conformally flat spacetimes of constant cur- 
vature R — 4A can be represented as a four-dimensional 
hyperboloid 

-Z% + Zf + Zl + Zi + eZl = j, (27) 

embedded in a five-dimensional flat space described by 
the metric 

ds 2 = -dZ 2 + dZi 2 + dZ 2 2 + dZ 3 2 + e dZ 4 2 , (28) 

where e = sign A . For m — and a uniform accelera- 
tion a — const, such that a 2 + ^A > 0, the coordinates 
employed in the solution (fT2|) are given by the following 
parametrization of the (anti-)de Sitter space, 



1-ar cos ( 



a 2 + iA 



Zi = 



1 — a r cos ( 



a 2 + iA 



a 2 -1 






h|A 


' / a 2 - 


h|A 


a 2 4 





Zi = r sin 8 cos <j> , 
Zz = r sin sin <f> , 

a + ■J-Ar cos6> 



(29) 



These relations generalize expressions (1251) . and reduce 
to them when A = (ignoring the fixed value of Z4). 
The rocket located at r — obviously moves along the 
trajectory 



Zo = 
Zi = 



a 2 + |A 



sinh (J a 2 + | Am) 



a 2 + |A 



cosh (w a 2 + |Ait), 



^2 = = Z 3 
Z x 



(30) 



v^v^ + ^a 



in the de Sitter or anti-de Sitter universe. Such a tra- 
jectory describes uniformly accelerated motion along the 
axis of symmetry, cf . [18J, l2l| . 

In the case of a test particle moving with small con- 
stant acceleration a in the anti-de Sitter universe, for 
which a 2 + |A < 0, the metric (IT21 corresponds to the 
parametrization 



5 



1 - a r cos 9 , i 7~~ s 

= , sin (J -(a 2 + |A u) 

+ r cos (\J-{a 2 + |A) u), 
a + ^Arcos^ 



Z2 = r sin cos , (31) 
= r sin sin <f> , 
1-ar cos ( 

Z 4 = 



^-(« 2 + |A) 



cos (J -(a 2 + I A) u) 



- r sin (-y/-(a 2 + |A) m). 



The rocket thus moves along the uniformly accelerated 
trajectory 



/ 1 sin (a/- (a 2 + I A) u), 

Z 4 = 1 = cos (J- (a 2 + §A) u), 

Zl = « 

v /lH v /-(a 2 + lA)' 
Z 2 = = Z 3 , 



(32) 



in the anti-de Sitter universe. In this case, it can never 
reach the conformal infinity located at Z\ = 00, see e.g. 

PIE 111 HI- 



C. Trajectories of generally accelerated rockets in 
de Sitter universe 



For the rocket moving with a generally non-uniform 
acceleration given by an arbitrary function a(u), the 
explicit parametrization of the hypcrboloid (|2T|) corre- 
sponding to the metric (fT2|) is more complicated. 

However, in the case A > it is possible first to con- 
sider the relations 



Z = zq(u) + r 



Zi = zi(u) + r 



1 



P(u,i?) 

COS I? 



Z 2 = r 



Z* = r 



^/sin 2 0-Q 2 (u,0) 
P~{u~d) 

^/sin 2 0-Q 2 (it,i?) 



cos <j> , (33) 



Zi = Zi(u) + r 



Q(u,0) 



sm ( 



where the functions Zo(u), z\(u) and z 4 (u) satisfy the 
constraint 



A 1 Z 1 A 

z z \ > z 4 — ^ i 



(34) 



but otherwise are completely arbitrary. The functions 
P, Q are given by 

P(u, 1?) — z 4 (u) [/(u) — g(u) cos i?] , 
Q(u,d) = f(u)-g(u)cos'&, (35) 



in which 



z (t/) 2:1(7/) 
= -77T . Jl") = — TT ■ ( 36 ) 



24 (it) ' 



This obviously corresponds to general motion of a 
test particle located at r = on the hyperboloid [)27p 
such that Z2 = = Z3. Moreover, (|3"3")) is a regular 
parametrization of the de Sitter universe by the metric 



ds 2 



1 -2r(logP), 



sin 



7? 



du 2 



2 du dr + 2 



zi — zq cos 1? 



PP 



sin ■& du di9 



J|sin^ d ^ + S ^^-Q 2 d ^\ 



V P 2 P P 2 

where 

P(u,i?) = z 2 (u) [sin 2 i9- Q 2 (u,t?) 
Now, the subsequent transformation 



sm( 



sin 2 



P(u,f?) 



(38) 



(39) 



brings the metric (|37|) to the general form (fT2| . In fact, 
the relations (l33l) then become 



Z = z {u) + rW (u,6). 
Z x =Zi{u) + rWi(u,6), 
Zi= r sin 9 cos </> , 
Z3 = r sin sin </> , 
Z 4 = z 4 (w) + r Wa(u, 9) . 



(40) 



but the explicit functions Wi(u, 9) are rather complicated 
because i?(i/, 0) must be obtained by inverting the trans- 
formation (f3"9"|) . Interestingly, this leads to a quadratic 
equation in cos $ which can be solved as 



fg + fgz 2 sm 2 9 + S 



cos # 



1 + g 2 + g 2 z\sm 2 n ' 



(41) 



where 



S 2 = l-f 2 + g 2 - [j 2 -g 2 + (fg - fg) 2 ] z\ sin 2 9 . (42) 
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A straightforward calculation then shows that 



D. Character of null surfaces 



_l_„-i l + g 2 +g 2 zjsm 2 e 
° /' Zi f + 9(fg-m-gs 



Wi = 



cos _! fg + fg z 2 sin 2 6 + S 

Zi f + g(fg-fg)-gs 



p 



(43) 



Q 



W 4 = f=z 



^ f-g(fg~fg)z 2 s in 2 e-gS 
f + g(fg-fg)-gs 



which arc rather involved expressions. 

In particular, special motion of uniform acceleration 
a = const, in the de Sitter universe is given by the func- 
tions 



Zq(u) 

z\(u) 



1 



A 



sinh ( 



l' 2 + ±Au) 



cosh 



U 



(^ + », (44) 



see ([3"0"jl. which satisfy the condition 



Obviously, 



10 = cosh (i/ a 2 + |Au) , 

11 = sinh (aJ a 2 + |A«) , 
z 4 = 0, 



(45) 



so that — Zq + i 2 + z\ = — 1, and it is thus the proper 
time of the rocket. In such a case, the function S given 
by (f42|) reduces to 



S = ± 



A 



COS0 . 



(46) 



With the lower sign, the functions (|43j) simplify consid- 
erably and factorize to 

Wo = cosh (3 a cos ^ sinh p ; 

! + ±A 



(47) 



COS p 

Wi = sinh /3 ; cosh . 

! + U 



w A 



A cos 6* 



a- 



A 



where P(u) — y a 2 + ^A u . Inserting these functions 

into (|4"0"|) , the simple explicit expressions (|29[) are recov- 
ered. 

Of course, analogous motion of a generally accelerat- 
ing photon rocket in the anti-de Sitter universe can be 
described similarly. 



Using (|39[) . it immediately follows from expressions 
00]) and (03} that 

- [Z - z (u)] 2 + \Z X - Zl (u)] 2 + Z\ + Z 2 (48) 

+ [Z i -z i (u)] 2 = 0. 

This clearly demonstrates that the surfaces u — const, 
form a family of null cones with vertices on the timelike 
trajectory that represents the origin of the coordinates 
r = where the photon rocket is located. Such future- 
oriented null cones extending from these vertices natu- 
rally foliate the background de Sitter space. A similar 
interpretation applies to the anti-de Sitter space. 

Recall that r is an afhne parameter along the rays tan- 
gent to u = const., which are generated by the principal 
null vector field k = d r , and 6, <j> are the remaining spa- 
tial coordinates (the latter corresponding to the orbits 
of the Killing vector field of these axially symmetric 
spacetimes) . 



E. Relation to the C-metric 

Within the family of Robinson-Trautman type D 
spacetimes there are vacuum solutions called the 
C-metric. These describe black holes uniformly accel- 
erating in Minkowski, de Sitter or anti-de Sitter universe 
under the influence of cosmic strings or struts located 
along the axis of symmetry 0, EMj, 0J, HE [H El [H[ . 
Indeed, the transformation (see 

1 



a(x + y) 
1 
a 
1 

71 



dj/ 
F 

dj/ 
F 



(49) 



d.r 
G~ 



where 



G(x) = (1 - x 2 )(l + 2amx) . 



F(y) 



A 

Za 2 



(l-y 2 )(l-2amy), (50) 



puts the Robinson-Trautman line element fTJ), Q into 
the familiar form of the C-metric, namely 



ds 2 = 



1 



a 2 {x + y) 2 



o dy 2 dx 2 
-FdT 2 + ^- + — +Gdd) 2 
b G 



(51) 

Here, 2H = a 2 r 2 {F + G) and P = G" 1 / 2 (x((, (, u)) , 
where the function x(C,C; u ) is obtained from ([49]) as 
/ G(x)~ 1 dx = au- ^(C + 0. cf. d and (JTZJ. 

An alternative form of the C-metric is obtained by 
keeping the original Robinson-Trautman coordinates r, u 
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and introducing only the coordinates x, <fi by the trans- 
formation (H2J), namely J G(x)~ 1 dx — i<j> — a u — \/2 (. 
This leads to the line element 

d.s 2 = -(2H- a 2 r 2 G) du 2 - 2 du dr - 2 a r 2 du dx 

+ r 2 (^+Gd</> 2 ), (52) 

which, for A = 0, was introduced by Kinnersley and 
Walker g|. 

The solution (fT2"|) , which represents accelerating Kin- 
nersley photon rockets with A, is only indirectly related 
to the C-metric, which describes uniformly accelerat- 
ing black holes. The main difference is that the Kin- 
nersley rocket spacetime contains pure (null) radiation 
whereas the C-metric is a vacuum solution. When n = 
in the field equation (|13p . the spacetime is vacuum and 
the only possibilities are given by a = 0, m constant, 
which yields the Schwarzschild-(anti-)de Sitter space- 
time, or m = 0, which corresponds to the Minkowski or 
(anti-)de Sitter universe. Also, the complete axis given 
by 9 = 0, 7r in (fT2")l is regular, without strings or struts, 
while the C-metric spacetime must always include a topo- 
logical singularity of some kind on (at least one half 
of) the axis, which acts as a different "physical cause" 
of black hole acceleration. Nevertheless, these two dis- 
tinct classes of solutions involving accelerated sources are 
similar. Both of these type D spacetimes can be writ- 
ten in the common form (|52[) . The Kinnersley photon 
rocket (|12l) is obtained for x = cos 8, G = 1 — x 2 and 
2H = 1 - 2 m(u) r- 1 - -r 2 - 2a(u) r x. 

Finally, we also notice that the metric (|52[) is a special 
case of the type II metric <JT8j) if G(x) is independent of u 
and thus b(u) = —a{u). 



VI. CONCLUSIONS 

We presented metrics (fl~2|) and (fT8|) as generalizations 
of previously investigated families of Kinnersley's rockets 
(of algebraic type D) and Bonnor's rockets (of type II) 
to the case of a non-vanishing cosmological constant A. 
These are axially symmetric exact spacetimes of the 
Robinson-Trautman type that describe photon rockets 
moving arbitrarily in de Sitter or anti-de Sitter universe 
due to anisotropic emission of pure (null) radiation. 

We analyzed the character of such spacetimes, in par- 
ticular the trajectories of the photon rockets. Treated 
as test particles, they accelerate in the corresponding 
background spaces of constant curvature, that is in 
Minkowski or (anti-)de Sitter universes, according to the 
sign of cosmological constant. We gave explicit coordi- 
nate parametrizations of the de Sitter and anti-de Sitter 
hyperboloids (j2l?|) , (f5Tj) in the case of uniform accelera- 
tion, and also for a completely general motion along the 
axis of symmetry, see (|40| , (|43)) . 

We also elucidated the relation of these pure radiation 
spacetimes, which describe accelerating photon rockets, 
to the well-known C-metric family of vacuum solutions, 
which represent uniformly accelerating black holes. 
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